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Abstract

For fixed k < g and a family of polarized abelian varieties of dimension g overR, we give a criterion
for the density in the parameter space of those abelian varieties over R containing a k-dimensional
abelian subvariety over R. As application, we prove density of such a set in the moduli space of
polarized real abelian varieties of dimension g and density of real algebraic curves mapping non-
trivially to real k-dimensional abelian varieties in the moduli space of real algebraic curves as well
as in the space of real plane curves. This extends to the real setting results by Colombo and Pirola
[10]. We then consider the real locus of an algebraic stack over R, attaching a topological space
to it. For a real moduli stack, this defines a real moduli space. We show that for Mg and Ag, the
real moduli spaces that arise in this way coincide with the moduli spaces of Gross–Harris [13] and
Seppälä–Silhol [23].

1. Introduction

Fix an integer g≥ 1. Let A and B be complex manifolds, and let

ψ :A→ B, s : B→A, E ∈ R2ψ∗Z (1)

be a polarized holomorphic family of g-dimensional complex abelian varieties. The map ψ is a
proper holomorphic submersion, s is a section of ψ and At := ψ−1(t) is a complex abelian variety of
dimension g with origin s(t), polarized by Et ∈ H2(At,Z), for t ∈ B.

Suppose moreover thatψ admits a real structure in the following sense:A and B are equipped with
anti-holomorphic involutions τ and σ, commuting withψ and s and compatible with the polarization,
in the sense τ∗(E) =−E. For example, this is true when ψ is real algebraic, that is induced by a
polarized abelian scheme over a smooth R-scheme.

Let B(R) be the set of fixed points under the involution σ : B→ B. If t ∈ B(R), then At is equipped
with an anti-holomorphic involution τ preserving the group law. We shall not distinguish between
the category of abelian varieties over R and the category of complex abelian varieties equipped with
an anti-holomorphic involution preserving the group law. Thus, if t ∈ B(R), then At is an abelian
variety over R. Define Rk ⊂ B(R):

Rk = {t ∈ B(R) : At contains an abelian subvariety over R of dimension k} . (2)
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For t ∈ B, the polarization gives an isomorphism H0,1(At)∼= H1,0(At)∗; using the dual of the
differential of the period map we obtain a symmetric bilinear form

q : H1,0(At)⊗H1,0(At)→ T∗
t B. (3)

Condition 1.1 There exists an element t ∈ B and a k-dimensional complex subspace W⊂ H1,0(At)
such that the complex 0→

∧2W→W⊗H1,0(At)→ T∗
t B is exact.

Our main theorem is the following.

Theorem 1.2 If B is connected and if Condition 1.1 holds, then Rk is dense in B(R).

We give the following three applications of Theorem 1.2. A real algebraic curve will be a proper,
smooth, geometrically connected curve over R. Let M R

g be the set of isomorphism classes of real
algebraic curves of genus g and A R

g the set of isomorphism classes of real principally polarized
abelian varieties of dimension g. The sets A R

g and M R
g carry natural real semi-analytic structures

by work of Gross–Harris [13] and Seppälä–Silhol [23].

Theorem 1.3

(A) Given an integer k with 1≤ k≤ g− 1, abelian varieties over R containing a k-dimensional
abelian subvariety over R are dense in the moduli space A R

g of principally polarized abelian
varieties of dimension g over R.

(B) For g≥ 3 and k ∈ {1,2,3}, real algebraic curves C that admit a map ϕ : C→ A with A a
k-dimensional abelian variety over R such that ϕ(C) generates A as an algebraic group are
dense in the moduli space M R

g of real genus g algebraic curves.
(C) If V⊂ PH0(P2

R,OP2
R
(d)) is the real algebraic set of degree d smooth plane curves over R, then

the subset of V corresponding to those curves that map non-trivially to elliptic curves over R is
dense in V.

Remark 1.4 The topology in the moduli spaces of Theorem 1.3 (A) and 1.3 (B) is the one under-
lying the real semi-analytic structure. We prove in Section 8 that these topologies have other more
intrinsic incarnations. It might also be worth noting that, although well-known in the complex case,
Theorem 1.3(A) is new in the real case.

Our proofs rely on results in the complex setting that were proved by Colombo and Pirola in [10].
Indeed, Theorem 1.2 is the analogue over R (with unchanged hypothesis) of the following theorem.
Define Sk ⊂ B to be the set of those t in B for which the complex abelian varietyAt contains a complex
abelian subvariety of dimension k.

Theorem 1.5 (Colombo-Pirola [10]) If B is connected and if Condition 1.1 holds, then Sk is dense
in B. □

Colombo and Pirola in turn were inspired by the Green–Voisin Density Criterion
[24, Proposition 17.20]. Indeed, the latter gives a criterion for density of the locus where the fiber
contains many Hodge classes for a variation of Hodge structure of weight 2. Theorem 1.5 adapts
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this result to a polarized variation of Hodge structure of weight 1 (which is nothing but a polarized
family of complex abelian varieties). The result is a criterion for the density of the locus where the
fiber admits a sub-Hodge structure of dimension k.

To be a little more precise, recall that for a complex manifold U and a rational weight 2 variation
of Hodge structure (H2

Q,H,F1,∇) on U, the Noether-Lefschetz locus NL(U)⊂ U is the locus where
the rank of the vector space of Hodge classes is bigger than the general value. If H2

Q is polarizable
then NL(U) is a countable union of closed algebraic subvarieties ofU [6]. The Green–Voisin Density
Criterion referred to above decides whether NL(U) is dense inU. It was first stated in [9] and applied
to the universal degree d≥ 4 surfaceS → B inP3. In this case, NL(B) is the locus where the Picard
group is not generated by a hyperplane section, and the union of the general components of NL(B)
is dense in B [loc. cit.]. Analogously, Sk is a countable union of components of NL(B) [11], and
Theorem 1.5 says that this union is dense in B.

Now let us carry the discussion over to the real setting. Unfortunately, the Green–Voisin Density
Criterion cannot be adapted to the reals without altering the hypothesis. Going back to the universal
family S → B of degree d≥ 4 surfaces in P3

C, one observes that this family has a real structure, so
that we can define the real Noether-Lefschetz locus NL(B(R))⊂ B(R) as the locus of real surfaces
S in P3

R with Pic(S) 6= Z. By the above, the Green–Voisin Density Criterion is fulfilled hence NL(B)
is dense in B, whereas density of NL(B(R)) in B(R) may fail: for every degree 4 surface in P3

R
whose real locus is a union of 10 spheres, Pic(S) = Z, and so NL(B(R))∩K= ∅ for any connected
component K of surfaces of such a topological type [5, Remark 1.5]. There is an alternate criterion
[5, Proposition 1.1], but the hypothesis is more complicated thus harder to fulfill, and only implies
density of NL(B(R)) in one component ofB(R) at a time. It is therefore remarkable that for the real
analogue of density of Sk in B, none of these problems occur. Theorem 1.2 shows that the complex
density criterion can be carried over to the reals without changing it. Condition 1.1 does not involve
the real structures at all, applying to any real structure on the family. The result is density of Sk ⊂ B
and Rk ⊂ B(R). It is for this reason that the applications of Theorem 1.2 are generous: the statements
in Theorem 1.3, as well as their proofs, are direct analogues of some applications of Theorem 1.5
in [10].

Let us comment on the topologies appearing in Theorem 1.3(A)&(B). One may be inclined to
believe that to obtain a real moduli space (that is a reasonable topology on the set of real isomorphism
classes), one equips the complex moduli space with an anti-holomorphic involution and considers
the set of fixed points. This often fails, as it does for A R

g and M R
g : there can be a complex algebraic

variety carrying different real structures (for example y2 = x3 + x and y2 = x3 − x in A C
1 ), and there

can be real points of the complex moduli space that do not represent any real variety (for example the
example [22, page 86] in A C

2 due to Shimura [21]). The obstruction is that these moduli spaces are
not fine—indeed, one solution is to cover A C

g and M C
g by spaces that rigidify the varieties in such a

way that any real structure can be lifted to a real structure compatible with the rigidification: take the
disjoint union of several fixed point sets of non-equivalent real structures on these covering spaces
and quotient out by appropriate groups to obtain a semi-analytic structure on A R

g and on M R
g . This

was done by Gross and Harris [13] for A R
g using the Siegel space Hg → A C

g and by Seppälä and
Silhol [23] for M R

g using the Teichmüller space Tg → M C
g .

In the second part of this paper we put our density results in some perspective. The goal is to
prove that the above topologies on A R

g and M R
g are natural in some sense. In complex geometry

there are many ways to construct a moduli space of complex varieties, among which natural ones
use algebraic stacks. We show that something similar holds over R, and study the real locus of an
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algebraic stack X of finite type over R. We define a topology on the set |X (R)| of isomorphism
classes of X (R) in a way that generalizes the Euclidean topology on X (R)when X is a scheme. If
X admits a coarse moduli space X →M, |X (R)| should be thought of as the real analogue of the
Euclidean topology on M(C). The point is that we cannot use M(R) since this set will almost never
be in bijection with |X (R)|. For the stacks of abelian varieties Ag and curves Mg, the bijections
|Ag(R)| ∼= A R

g and |Mg(R)| ∼= M R
g are homeomorphisms, see Theorems 8.1 and 8.2.

Finally, we would like to remark that Colombo–Pirola’s Theorem 1.5 has been generalized by
Ching-Li Chai [8], who considers a variation of rational Hodge structures over a complex analytic
variety and rephrases and answers the following question in the context of Shimura varieties: when do
the points corresponding to members having extra Hodge cycles of a given type form a dense subset
of the base? It should be interesting to investigate whether such a generalization can be carried over
to the real numbers as well.

1.1. Outline of the paper

This paper is organized as follows. Section 2 is devoted to the proof of Theorem 1.2. In Section 3
we satisfy Condition 1.1 in the case of a universal local deformation of a polarized abelian variety.
In Section 4 we prove that any real structure on a complex manifold admitting a universal local
deformation extends uniquely to a real structure on the local deformation. In Section 5 we show that
any real structure on a family of curves induces a real structure on the relative Jacobian. We prove
Theorem 1.3 in Section 6. In Section 7 we define a topology on the real locus of a real algebraic
stack. For algebraic moduli stacks over R, the induced topological space becomes a moduli space
of real varieties. We conclude in Section 8 that for abelian varieties and curves, the so-obtained real
moduli spaces coincide with those defined by Gross–Harris [13] and Seppälä–Silhol [23].

2. Real Abelian Subvarieties in Family

In this section we shall provide the setup for our proof of Theorem 1.2, which we present hereafter,
in Section 2.1.

Let ψ :A→ B as in Section 1. Let VZ = R1ψ∗Z be the Z-local system attached to ψ. The
holomorphic vector bundle H= VZ ⊗Z OB is endowed with a filtration by the holomorphic sub-
bundle F1H=H1,0 ⊂H, of fiber (H1,0)t = H1,0(At)⊂ H1(At,C) =Ht. Denote by HR the real
C∞-subbundle of H whose fibers are (HR)t = H1(At,R). Define G= Gal(C/R). Recall that A
and B are endowed with anti-holomorphic involutions τ and σ such that ψ ◦ τ = σ ◦ψ. The map
τ induces, for each t ∈ B, an anti-holomorphic isomorphism τ : At ∼= Aσ(t). The pullback of τ gives
an isomorphism of fibers τ∗ :Hσ(t) →Ht inducing an involution of differentiable manifolds

F∞ :H→H

over the involution σ : B→ B. Composing F∞ fiberwise with complex conjugation provides an
involution of differentiable bundles

FdR :H→H

over σ which respects the Hodge decomposition by [22, I, Lemma 2.4]. If we let G (k,H1,0) be
the complex Grassmannian bundle of complex k-planes in H1,0 over B, and G (2k,HR) the real
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Grassmannian bundle of real 2 k-planes in HR over B, we see that G acts on these bundles via the
morphisms FdR :H1,0 →H1,0 and τ∗ :HR →HR. Since the diffeomorphismHR →H1,0, defined as
the composition of morphisms

HR ↪→H=H1,0 ⊕H0,1 →H1,0,

is G-equivariant, it induces a G-equivariant morphism of differentiable manifolds

G (k,H1,0)→ G (2k,HR).

Let 0 ∈ B(R) and choose a G-stable contractible neighborhood U of 0 in B. Trivialize VZ over U,
which trivializes G (2k,HR) over U, and consider the morphism Φ defined as the composite

G (k,H1,0)|U → G (2k,HR)|U ∼= U×GrassR(2k,H
1(A0,R))→ GrassR(2k,H

1(A0,R)).

Let j be the canonical mapGrassQ(2k,H1(A0,Q))→ GrassR(2k,H1(A0,R)). We obtain the following
diagram:

(4)

WriteU(R) = U∩B(R). We shall show how diagram (4) provides the parameterization of polarized
real abelian varieties containing a k-dimensional real abelian subvariety.

Proposition 2.1

(1) The morphisms f, Φ and j in diagram (4) are G-equivariant.
(2) We have

f(Φ−1( j(GrassQ(2k,H
1(A0,Q))G))) = Rk ∩U(R),

where Rk = {t ∈ B(R) : At contains an abelian subvariety over R of dimension k}.

Proof.

(1) The fact that f and j areG-equivariant is immediate from the description ofFdR. ForΦ, it suffices
to show that the trivialization HR ∼= U×H1(A0,R) is G-equivariant, and this map is induced
by the restriction r : VR|U → (VR)0 which is an isomorphism of local systems; but r is unique
if we require that r induces the identity on (VR)0.

(2) Let t ∈ U(R) and consider the polarized real abelian variety (At,τ). We have At ∼= V/Λ, where
V∼= H1,0(At)∗ and Λ∼= H1(At,Z). It follows that At contains a complex abelian subvariety X
of dimension k if and only if there exists a k-dimensional C-vector subspace W1 ⊂ H1,0(At)
and a k-dimensional Q-vector subspace W2 ⊂ H1(At,Q) such that, under the canonical real
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isomorphism H1,0(At)∼= H1(At,R), the space W1 is identified with W2 ⊗R. In this case, L=
W∗

2 ∩Λ is a lattice inW∗
1 , and X=W∗

1/L. Then observe that the k-dimensional complex abelian
subvariety X⊂ At is a k-dimensional real abelian subvariety (X,τ |X) of (At,τ) if and only if
τ(X) = τ(W∗

1/L) =W∗
1/L= X. The latter is equivalent to FdR(W2) =W2 by Lemma 2.2 below,

and we are done. □

Lemma 2.2 Let A be a complex torus, let Λ = H1(A,Z) and consider the Hodge decomposition
ΛC = V−1,0 ⊕V0,−1. For an anti-holomorphic involution σ : A→ A such that σ(e) = e, let F∞(σ) :
Λ→ Λ be the pushforward of σ, and let FdR(σ) : V−1,0 → V−1,0 correspond to the differential dσ :
TeA→ TeA. This defines a bijection between:

(i) The set of real structures σ : A→ A.
(ii) The set of involutions F∞ : Λ→ Λ such that F∞,C

(
V−1,0

)
= V0,−1.

(iii) The set of anti-linear involutions FdR : V−1,0 → V−1,0 such that FdR (Λ) = Λ.

Proof. If σ : A→ A is as in (i), then F∞(σ)C interchanges the factors of the Hodge decomposi-
tion by [22, I, Lemma (2.4)], so σ 7→ F∞(σ) is a well-defined map (i)→ (ii). For F∞ : Λ→ Λ
as in (ii), the restriction to V−1,0 of the composition of F∞,C with complex conjugation defines a
map FdR = conj ◦F∞,C : V−1,0 → V−1,0 as in (iii), which equals FdR(σ) when F∞ = F∞(σ). Then
F∞ 7→ conj ◦F∞,C determines (ii)∼= (iii). Finally, the map σ 7→ FdR(σ), (i)→ (iii) is the map
giving the natural correspondence between anti-holomorphic involutions on A preserving e and
anti-holomorphic involutions on its universal cover TeA that preserve 0 and are compatible with
π1(A,e) = H1(A,Z)-orbits. □

2.1. Proving the density theorem

For a smooth manifoldW on which a compact Lie group H acts by diffeomorphisms, the set of fixed
pointsWH has a natural manifold structure that makes it a submanifold ofW [4, Corollary I.2.3]. Φ
in Diagram (4) is G-equivariant by Proposition 2.1(1); denote by ΦG the induced morphism on fixed
spaces. We obtain a diagram of C∞-manifolds:

(5)

Recall that we obtained the equality

f(Φ−1( j(GrassQ(2k,H
1(A0,Q))G))) = Rk ∩U(R)

in Proposition 2.1 (2). Recall also the symmetric bilinear form

q : H1,0(At)⊗H1,0(At)→ T∗
t U
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from Section 1, given by the differential of the periodmap and the isomorphismH0,1(At)∼= H1,0(At)∗

which the polarization induces. Finally, recall the notation (Equation (2), Section 1)

Rk = {t ∈ B(R) : At contains an abelian subvariety over R of dimension k}.

Let us fix notation and introduce the aim of this section.

Notation 2.3 For t ∈ B and W ∈ GrassC(k,H1,0(At)), let W⊥ denote the orthogonal comple-
ment of W in H1,0(At) with respect to the polarization Et. Define the sets Ek,Fk ⊂ G (k,H1,0) and
Ek(R),Fk(R),Rk,U ⊂ G (k,H1,0)G as follows:

Ek = {(t,W) ∈ G (k,H1,0): 0→W⊗W⊥ → T∗
t B is exact} (6)

Fk = {(t,W) ∈ G (k,H1,0): 0→∧2W→W⊗H1,0(At)→ T∗
t B is exact} (7)

Ek(R) = Ek ∩G (k,H1,0)G (8)

Fk(R) = Fk ∩G (k,H1,0)G (9)

Rk,U =Φ−1(j(GrassQ(2k,H
1(A0,Q))G)). (10)

Note that f(Rk,U) = Rk ∩U(R). Our strategy to prove Theorem 1.2 is the following:

Proposition 2.4 Let Ek,Fk,Rk,U ⊂ G (k,H1,0) be as above. One has inclusions

If Fk is not empty then Fk(R) is dense in G (k,H1,0)G. Consequently, if Fk 6= ∅, then Rk,U is dense
in G (k,H1,0)G|U(R); in particular, then Rk ∩U(R) is dense in U(R).

Before proving Proposition 2.4 we remark that it implies Theorem 1.2.

Proof of Theorem 1.2 It suffices to show that for each x ∈ B(R) and any G-stable contractible open
neighborhood x ∈ U⊂ B, the set Rk ∩U∩B(R) is dense in U∩B(R). Thus let x ∈ U⊂ B be such a
real point and complex open neighborhood. Condition 1.1 is satisfied if and only if Fk is non-empty;
by Proposition 2.4, we are done. □
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Proof of Proposition 2.4 Let us first prove the inclusions. We have Fk ⊂ Ek: if (t,W) ∈ Fk then
Ker(W⊗H1,0(At)→ T∗

t B)⊂W⊗W. Hence Fk(R)|U(R) ⊂ Ek(R)|U(R).
For the second inclusion, consider again the map Φ : G (k,H1,0)|U → GrassR(2k,H1(A0,R)) as in

Diagram (4). Define a set Y⊂ G (k,H1,0) as follows:

Y= {x ∈ G (k,H1,0)|U such that the rank of dΦ is maximal at x} ⊂ G (k,H1,0)|U.

Then Y= Ek|U by [10, Section 1]. Let Z be the set of points x ∈ G (k,H1,0)G|U(R) such that the
rank of d(ΦG) : TxG (k,H1,0)G|U(R) → TΦ(x)GrassR(2k,H1(A0,R))G is maximal at x. We claim that
Z= Y∩G (k,H1,0)G|U(R). Indeed, for a point x ∈ G (k,H1,0)G|U(R), the rank of d(ΦG) is maximal at
x if and only if the rank of dΦ is maximal at x, since

TxG (k,H1,0) = (TxG (k,H1,0))G⊗R C= TxG (k,H1,0)G⊗R C,

and similarly for TΦ(x)GrassR(2k,H1(A0,R)). Moreover, the differential dΦ at the fixed point x ∈
G (k,H1,0)G|U(R) is simply the complexification of the differential d(ΦG) at x.

Consequently, Z= Y∩G (k,H1,0)G|U(R) = Ek ∩G (k,H1,0)G|U(R) = Ek(R)|U(R). It follows that
the morphism

ΦG : G (k,H1,0)G|U(R) → GrassR(2k,H
1(A0,R))G

is open when restricted to the set Ek(R)|U(R). Since j(GrassQ(2k,H1(A0,Q))G) is dense in
GrassR(2k,H1(A0,R))G by Lemma 2.5, Φ−1(j(GrassQ(2k,H1(A0,Q))G))∩Ek(R)|U(R) is dense
in Ek(R)|U(R). But Φ−1(j(GrassQ(2k,H1(A0,Q))G))∩Ek(R)|U(R) = Rk,U ∩Ek(R)|U(R), so Rk,U ∩
Ek(R)|U(R) is dense in Ek(R)|U(R). In particular, Ek(R)|U(R) is contained in the closure of Rk,U in
G (k,H1,0)G|U(R). The inclusions are thus proved.

It remains to prove the assertion that non-emptiness of Fk implies density of Fk(R) in
G (k,H1,0)G. Write G = G (k,H1,0) and G (R) = G G. Let Zk ⊂ G be the complement of Fk in
G . Observe that Zk equals the set of pairs (t,W) ∈ G such that the injection

∧2W→ Ker(W⊗
H1,0(At)→ T∗

t B) is not an isomorphism. This latter map varies holomorphically; therefore, locally
on G , the set of points where the rank is not maximal is determined by the vanishing of minors in
a matrix with holomorphic coefficients. Since G is connected it follows that Zk is nowhere dense in
G . If n= dimCG then G (R) is a closed real submanifold of G of real dimension n and we claim
that Zk(R) is nowhere dense in G (R). Suppose for contradiction that Zk(R) contains a non-empty
open set V⊂ G (R). Locally around t ∈ V, t ∈ V⊂ G is the inclusion of the real locus 0 ∈ B(R)
of an Eclidean open ball 0 ∈ B⊂ Cn such that B∩Zk = { f1 = . . .= fm = 0} for some holomorphic
functions fi : B→ C. Since the fi vanish on B(R), they vanish on B hence B⊂ Zk. □

Lemma 2.5 Let n,k ∈ Z≥0. Let V be an n-dimensional vector space over Q and consider a linear
transformation F ∈ GL(V)Q which is diagonalizable overQ. For L ∈ {Q,R}, denote byG(k,V)F(L)
the set of k-dimensional L-subvector spaces W⊂ V⊗Q L for which F(W) =W. ThenG(k,V)F(Q) is
dense in G(k,V)F(R).

Proof. For F= id this is an elementary fact. In order to deduce the general case from this, let
λ1, . . . ,λr ∈Q∗ be the eigenvalues of F, and denote by Vi := VF=λi ⊂ V, i ∈ I := {1, . . . , r} the corre-
sponding eigenspaces. Eigenspaces are preserved under scalar extension so (V⊗Q R)FR=λi = Vi⊗Q
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R. But a k-dimensional R-subvector space W⊂ VR satisfies F(W) =W if and only if W=
⊕

i∈IWi

with W i a R-subvector space of Vi⊗Q R for each i ∈ I and
∑

i∈I dimWi = k, and W is defined over
Q if and only if everyW i is. This means that under the canonical diffeomorphism

G(k,V)F(R)∼=
⊔

∑
ki=k

∏
i∈I

G(ki,Vi)(R) (11)

the rational subspace G(k,V)F(Q) is identified with
⊔
ki

∏
i∈IG(ki,Vi)(Q). □

3. Density in Deformation Spaces

Letψ be a family such as family (1) in Section 1: we assumeψ to be a holomorphic familyψ :A→ B
of complex abelian varieties of dimension g, polarized by a section E ∈ R2ψ∗Z. For t ∈ B, denote by
ωt ∈ H1(At,Ω1

At) the Kähler class corresponding to the polarization Et ∈ H2(At,Z). Let t ∈ B, define
X= ψ−1(t), and suppose that ψ is a universal local deformation of (X,ωt): the Kodaira–Spencer map
gives ρ : TtB∼= H1(X,TX)ω, whereH1(X,TX)ω is defined to be the kernel ofH1(X,TX)→ H2(X,TX⊗
Ω1
X)→ H2(X,OX), the first map being the cup-product withωt and the second induced by TX⊗Ω1

X →
OX.

Proposition 3.1 Condition 1.1 is satisfied for t ∈ B and any W ∈ GrassC(k,H1,0(At)).

Proof. By a theorem of Griffiths [24, Théorème 17.7], the dual q∗ of the bilinear form

q : H1(X,OX)
∗ ⊗H1(X,OX)

∗ = H1,0(X)⊗H1,0(X)→ T∗
t B

(see Equation (3) in Section 1) factors as

TtB→ H1(X,TX)→ Hom(H0(X,Ω1
X),H

1(X,OX))
∼−→H1(X,OX)⊗H1(X,OX).

The second arrow is an isomorphism. The third arrow is induced by the polarization. We then remark
that the following diagram commutes and that the first row is exact:

(12)
We conclude that the Kodaira–Spencer map ρ is an isomorphism if and only if the second row in
(12) is exact if and only q∗ induces an isomorphism

q∗ : TtB→ Sym2H1(X,OX). (13)

Identify T∗
t B with Sym2H1,0(X) and q with H1,0(X)⊗H1,0(X)→ Sym2H1,0(X), and observe that for

any complex vector space V and every k-dimensional subspace W⊂ V, the natural sequence 0→∧2W→W⊗V→ Sym2(V) is exact. □
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4. Real Deformation Spaces

In this section we prove that for a universal local deformation of a complex manifold X, any real
structure on X extends uniquely to a real structure on the local deformation.

So let X be a compact complex manifold, possibly polarized by the first Chern class ω = c1(L) ∈
H2(X,Z) of an ample line bundle L. Consider a universal local deformation π : X → B 3 0 of X
(resp. of (X,ω)), where B is any complex analytic space. Let σ : X→ X be an anti-holomorphic
involution, compatible with ω in case X is polarized. Only the germ of π in 0 ∈ B plays a role and
all statements should be read in this sense.

Proposition 4.1 (compare [7], Section 4). The real structure σ : X→ X extends uniquely to a real
structure on the universal local deformation π : X → B. In other words, possibly after restricting
(B,0) there is a unique couple of anti-holomorphic involutions τ : B→ B, T : X → X such that
π ◦T = τ ◦π, τ(0) = 0 and T |X = σ : X→ X.

Proof. Consider the complex conjugate analytic spaces Xσ , Bσ and X σ of X,B and X respectively
(see [22, Chapter I, Definition 1.1] for the definition of complex conjugate analytic variety; the def-
inition for general analytic spaces is similar). There is an induced local deformation πσ : X σ →
Bσ 3 0 of the manifold (X σ)0 = (X0)

σ
= Xσ. It is easily shown that πσ is a universal local defor-

mation of Xσ. Now the anti-holomorphic involution σ : X→ X induces a biholomorphic function
φ : Xσ → X such that φ ◦φσ = id : X→ X, hence the fibers of π and πσ above 0 are isomorphic via
φ. By the universal properties of π and πσ, this means that possibly after restricting B around 0,
there is a unique pair of biholomorphisms f : Bσ → B, g : X σ → X making the following diagram
Cartesian:

(14)

Moreover, f(0) = 0 and g|Xσ : Xσ → X is the map φ. Applying the functor (−)σ to this diagram, we
obtain a pair of Cartesian diagrams

(15)

such that (f ◦ fσ)(0) = 0 and such that (g ◦ gσ)|X : X→ Xσ → X is the map φ ◦φσ = id. But this
means that f ◦ fσ = id and g ◦ gσ = id. Composing fσ : B→ Bσ (resp. gσ : X → X σ) with the
canonical anti-holomorphic map Bσ → B (resp. X σ → X ) gives the desired anti-holomorphic
involution τ : B→ B (resp. T : X → X ). □



REAL MODULI SPACES AND DENSITY OF NON-SIMPLE REAL ABELIAN VARIETIES 11

5. Real Structures on Relative Jacobians

The goal of this section is to prove that a real structure on a family of curves extends canonically to
a real structure on the corresponding family of Jacobians.

Let B be a simply connected complex manifold and let π : X → B be a family of compact genus
g Riemann surfaces. The relative Jacobian

ψ : JX = Pic0(X /B)→ B (16)

of π : X → B can be constructed by considering the exact sequence of sheaves on X :

0−→ Z−→OX
exp2πi−→O∗

X −→ 0. (17)

Indeed, sequence (17) induces an inclusion R1π∗Z→ R1π∗OX where we identify R1π∗Z with
its étalé space and R1π∗OX with its corresponding holomorphic vector bundle; define JX =
R1π∗OX /R1π∗Z. We claim that family (16) is a polarized holomorphic family of g-dimensional
complex abelian varieties in the sense of family (1) in Section 1. Indeed, ψ : JX → B admits a
section s : B→ JX : since JX represents the relative Picard functor of degree 0, it corresponds
to OJX ∈ Pic0(X ). For 0 ∈ B, we have the Riemann form E0 =−〈,〉 :

∧2H1(X0,Z)→ Z. The
trivialization R2π∗Z∼= H2(JX0 ,Z) implies that

HomZ(∧2H1(X0,Z),Z) = HomZ(∧2H1(Jac(X0),Z),Z) = H2(JX 0,Z)∼= H0(B,R2π∗Z).

In this way, E0 extends to a principal polarization on the Jacobian family (16).

Lemma 5.1 Consider the Jacobian family (ψ : JX → B,s : B→ JX ,E ∈ R2ψ∗Z) defined above.
Each real structure (σ : B→ B,σ′ : X → X ) on the curve π : X → B induces a real structure on
the relative Jacobian ψ : JX → B: there exists an anti-holomorphic involution Σ : JX → JX such
that

(i) ψ ◦Σ= σ ◦ψ, (ii) Σ ◦ s= s ◦σ, (iii) Σ∗(E) =−E.

Proof. WriteVZ = R1π∗Z andH= VZ ⊗Z OB. ThenH is endowed with a filtration by the holomor-
phic subbundle F1H⊂H, and we have H/F1H=H0,1 = R1π∗OX . By the strategy in Section 2,
the real structure (σ,σ′) on π : X → B induces an anti-holomorphic involution FdR :H→H com-
patible with σ and preserving H0,1 and VZ. Since JX =H0,1/VZ, the involution FdR induces
an anti-holomorphic involution Σ : JX → JX . By construction of FdR in Section 2, we have
ψ ◦Σ= σ ◦ψ. For t ∈ B, Σ induces an anti-holomorphic map Σ : Jac(Xσ(t))→ Jac(Xt). We need
to prove that Σ∗(Et) =−Eσ(t) for Σ∗ : H2(Jac(Xt),Z)→ H2(Jac(Xσ(t)),Z). This follows from the
commutativity of



12 O. de Gaay Fortman

The left-hand diagram commutes since pullback commutes with cup-product, and the right-hand
diagram commutes because Σ is anti-holomorphic and thus reverses the orientation. □

6. Proof of Theorem 1.3

The goal of this section is indeed to prove Theorem 1.3 using the results of the previous sections.
The structure of Section 6 is as follows. We start by recalling the construction of the topology on
A R
g as in [13] and [22], and once that is done, we prove Theorem 1.3(A). We proceed by recalling

the construction of the topology on M R
g as in [23] and then prove Theorem 1.3(B). Finally, we finish

Section 6 by proving Theorem 1.3(C).

6.1. Density in A R
g

The set A R
g of isomorphism classes of principally polarized real abelian varieties of dimension g

can be provided with a real semi-analytic space structure as follows. The result seems to have been
proven independently by to Gross–Harris [13, Section 9] and Silhol [22, Chapter IV, Section 4].
Following [22, Chapter IV, Definition 4.4], define I⊂ Z2 as

I :=
{
(α,λ) ∈ Z2 : 1≤ λ≤ g and α ∈ {1,2} such that α= 1 if λ is odd

}
∪{(0,0)} .

Attach to each i= (α,λ) ∈ I a matrix M ∈Mg(Z) as in [22, Chapter IV, Theorem 4.1], define
Γi = {A ∈ GLg(Z) : AMAt =M} ⊂ GLg(Z)⊂ Sp2g(Z), where the inclusion GLg(Z) ↪→ Sp2g(Z) is

defined by A 7→
(
A 0
0 A−t

)
, and define an anti-holomorphic involution τi :Hg →Hg on the Siegel

space Hg by τi(Z) =M−Z. Let Hτi
g be its fixed locus. Then the period map defines a bijection

[13, Proposition 9.3], [22, Chapter IV, Theorem 4.6]

A R
g

∼=
⊔
i∈I

Γi\Hτi
g . (18)

Proof of Theorem 1.3 (A) Let i ∈ I and Z ∈Hτi
g . Let (X,ω ∈ H2(X,Z)) be the principally polarized

complex abelian variety with symplectic basis whose period matrix is Z. Then (X,ω) admits a unique
real structure σ : X→ X, compatible with ω and the symplectic basis [13, Section 9]. There exists a
τ i-invariant connected open neighborhood B⊂Hg of Z and a universal local deformation π : X →
B 3 Z of the polarized complex abelian variety (X,ω). By Proposition 4.1, possibly after restricting
B around Z, the real structure σ : X→ X extends uniquely to a real structure on the polarized family
π, which by uniqueness is compatible with τi : B→ B. By Proposition 3.1, Condition 1.1 is satisfied.
By Theorem 1.2, Rk ∩Bτi is dense in Bτi ⊂Hτi

g . It follows that Rk is dense in Hτi
g . □
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6.2. Density in M R
g

Similarly, Seppälä and Silhol provide the set M R
g of real genus g algebraic curves with a topology

as follows. Fix a compact oriented C∞-surface Σ of genus g and let Tg be the Teichmüller space
of the surface Σ (see for example [2]). Define J⊂ Z2 to be the set of tuples (ε, k) ∈ Z2 with ε ∈
{0,1} such that 1≤ λ≤ g+ 1 and k≡ g+ 1mod2 when ε= 1, and 0≤ k≤ g otherwise. To every
j= (ε( j), k( j)) ∈ J one can attach an orientation-reversing involution σj : Σ→ Σ of type j ∈ J [23].
This means that k( j) = #π0(Σ

σj) and that ε( j) = 0 if and only if Σ \Σσj is connected. Moreover,
every such involution σj : Σ→ Σ induces an anti-holomorphic involution σj : Tg →Tg [loc. cit.].
Denote by Nj = {g ∈ Γg : g ◦σj = σj ◦ g} the normalizer of σj : Tg →Tg in the mapping class group
Γg of Σ. Then there is a natural bijection [23, Theorem 2.1, Definition 2.3]

M R
g
∼=
⊔
j∈J
Nj\T

σj
g . (19)

Proof of Theorem 1.3 (B) Suppose that g≥ 3, let j ∈ J and consider a point 0 ∈ T σj
t . Let (X, [ f ])

be the complex Teichmüller curve of genus g corresponding to the point 0. By [23], there is a
unique real structure σ : X→ X which is compatible with the Teichmüller structure [ f ] and the invo-
lution σj : Σ→ Σ. Moreover, there exists a σj-invariant simply connected open subset B⊂ Tg of
0 in the Teichmüller space and a Kuranishi family π : X → B 3 0 of the Riemann surface X. By
Proposition 4.1, up to restricting B around 0, the real structure σ : X→ X extends uniquely to a real
structure (τ ,T ) on the Kuranishi family π such that τ(0) = 0. By uniqueness, τ : B→ B coincides
with σj. By Lemma 5.1, (τ ,T ) induces a real structure (τ ,Σ) on the Jacobian JX → B of the curve
π : X → B. Fix k ∈ {1,2,3}. Observe that, by Theorem 1.2, it suffices to prove that Condition 1.1
holds in B. That is, we need to show that there exists an element t ∈ B and a k-dimensional com-
plex subspaceW⊂ H1,0(Jac(Xt)) = H1,0(Xt) such that the sequence 0→

∧2W→W⊗H1,0(Xt)→
T∗
t B is exact. The family π : X → B is a universal local deformation of Xt for each t ∈ B, hence
TtB∼= H1(Xt,TXt). By [24, Lemme 10.22], the dual of q : H1,0(Xt)⊗H1,0(Xt)→ T∗t B is nothing
but the cup-product H0(KXt)⊗H0(KXt)→ H0(K⊗2

Xt
). Consequently, we are reduced to the claim

that for each k ∈ {1,2,3} there exists an element t ∈ B and a k-dimensional subspaceW⊂ H0(KXt)
such that the following sequence is exact:

0→∧2W→W⊗H0(KXt)→ H0(K⊗2
Xt

). (20)

This is true by the Proof of Theorem (3) in [10]. Indeed, Colombo and Pirola consider the
moduli space of complex genus g≥ 3 curves M C

g = Γg \ Tg to prove the complex analogue of
Theorem 1.3(B). They show that there exists a point p= [C] ∈ M C

g and a k-dimensional complex
subspace W⊂ H0(KC) such that (20) is exact. So Condition 1.1 is satisfied for some point t ∈ Tg.
Since Condition 1.1 is open for the Zariski topology on Tg, it is dense for the Euclidean topology,
hence Condition 1.1 holds for some t ∈ B. □

6.3. Density of real plane curves covering an elliptic curve

Proof of Theorem 1.3 (C) We need to prove that the subset Rk(V) of V of real plane curves that map
non-trivially to elliptic curves overR is dense in V, where V⊂ PH0(P2

R,OP2
R
(d)) is the set of degree d
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smooth plane curves over R. Let d ∈ Z≥0, N=
(d+2

2

)
and let B(C)⊂ H0(P2

C,OP2
C
(d))∼= CN be the

Zariski open subset of non-zero degree d homogeneous polynomials F that define smooth plane
curves {F= 0} ⊂ P2(C). Consider the universal plane curve B(C)×P2(C)⊃ S (C)→ B(C).
The complex vector space H0(P2

C,OP2
C
(d)) has a real structure, that is Gal(C/R) acts anti-linearly

on it and this action preserves the space B(C). The induced action on B(C)×P2(C) preserves
in turn S (C), and the morphism π : S (C)→ B(C) is Galois equivariant. Note that the fam-
ily π is algebraic, that is, comes from a morphism of algebraic varieties µ : S → B over C.
By the above, B, S and µ are actually defined over R. For a projective and flat morphism of
locally Noetherian schemes with integral geometric fibers, the relative Picard scheme exists [15,
Section V, Théorème 3.1]. We obtain an abelian scheme Pic0S /B → B over R of relative dimen-
sion g= (d− 1)(d− 2)/2. By Theorem 1.2, it suffices to satisfy Density Condition 1.1. In other
words, we need to show the existence of t ∈ B(C) and a non-zero v ∈ H1,0(Jac(St(C))) such that
〈v〉⊗H1,0(Jac(St(C)))→ T∗t B(C) is injective. This is done in [10, Proof of Proposition (6)], where
Colombo and Pirola prove the complex analogue of Theorem 1.3(C): an element t ∈ B(C) that satis-
fies the criterion is the t ∈ B(C) that corresponds to the Fermat equation F= Xd0 +Xd1 +Xd2 (compare
[18, Proposition 3]). □

7. The Coarse Moduli Space of a Real Algebraic Stack

Consider the set MR (resp. MC) of isomorphism classes of a certain category of algebraic varieties
over R (resp. C) such that scalar extension defines a map MR → MC (think of polarized abelian
varieties of fixed dimension, algebraic curves of fixed genus, polarized K3-surfaces, etc.). Suppose
that MC admits a natural topology or even the structure of a complex analytic space. Can we define
a reasonable topology on the set MR such that MR → MC is continuous? More precisely, if M is
an algebraic moduli stack of finite type over R with coarse moduli space M→M, does |M(R)|
admit a natural topology making |M(R)| →M(C) continuous? Contrary to the complex setting,
|M(R)| →M(R) need not be bijective, so that we cannot use the analytic topology on M(R). In
this section we consider an algebraic stack X of finite type over R, pick an R-surjective smooth
presentation φ : X→ X , endow the set |X (R)| with the quotient topology τ induced by X(R)→
|X (R)|, and prove that τ does not depend on φ. By Theorem 7.4, if X is Deligne–Mumford, one
may use an R-surjective étale presentation φ to define τ .

7.1. Pointwise surjective presentations of Deligne–Mumford stacks

Notation 7.1 In this subsection, we fix a field F which is either real closed or finite. For a scheme
S, an algebraic stackX over S and a scheme T over S, we use the notation |X (T)| to denote the set
of isomorphism classes of the groupoid X (T).

The goal of Section 7.1 is to prove that every Deligne–Mumford stack X of finite type over
F admits an étale presentation by an F-scheme X such that the induced map X(F)→ |X (F)| is
surjective. See Definition 7.2 and Theorem 7.4. This statement is the étale analogue of Theorem
A in [1]. In this article, Aizenbud and Avni prove that any algebraic stack X of finite type over a
Noetherian scheme S admits a smooth presentation φ : X→ X by an S-scheme X such that for every
morphism Spec F→ S, the map X(F)→ |X (F)| is surjective. We use their result to extend it in the
following way: if X is Deligne–Mumford over S= Spec F, then φ can be chosen étale.



REAL MODULI SPACES AND DENSITY OF NON-SIMPLE REAL ABELIAN VARIETIES 15

Definition 7.2 ([20]) Let X/F be an algebraic stack. A smooth presentation X→ X by an
F-scheme X is F-surjective if the map X(F)→ |X (F)| is surjective.

Theorem 7.3 ([1]) Any algebraic stack X of finite type over F admits an F-surjective smooth
presentation φ : X→ X by a scheme X over F. □

Theorem 7.4 Any Deligne–Mumford stack X of finite type over F admits an F-surjective étale
presentation φ : X→ X by a scheme X over F.

Proof. By Theorem 7.3, there exists an F-scheme X and a F-surjective smooth presentation P :
X→ X . Let y : Spec F→ X be any F-point of X . Since P is F-surjective, there exists an
F-point x : Spec F→ X such that P ◦ x∼= y. We claim that there exists a subscheme j : U ↪→ X such
that P|U : U→ X is étale, and such that x : Spec F→ X factors through an F-point u : Spec F→ U.
It will follow that P|U ◦ u= P ◦ j ◦ u= P ◦ x∼= y. By taking the disjoint union Y of all such sub-
schemesU⊂ Xwe thus construct a scheme Y over F together with an F-surjective étale presentation
Y→ X . In other words, the claim implies the theorem. So let us prove this claim. The first part
of its proof follows closely the proof of Theorem 8.1 in [19]; we shall shortly repeat those argu-
ments for the convenience of the reader. Let Z= X×P,X ,P X with p1 : Z→ X and p2 : Z→ X the
two projections. Now ∆ : X → X ×F X is unramified [19, Lemme 4.2] hence p : Z→ X×F X is
unramified. Consequently, p∗1Ω

1
X/F⊕ p∗2Ω

1
X/F = p∗Ω1

X×FX/F
→ Ω1

Z/F is surjective [14, 17.2.2], hence
by [19, (8.2.3.2)], the natural morphism of quasi-coherent OX-modules Ω1

X/F → Ω1
X/X is surjec-

tive and Ω1
X/X is an OX-module locally free of finite rank. Let r be the rank of Ω1

X/X around the

point x ∈ X(F). Because Ω1
X/F → Ω1

X/X is surjective, there exists global sections f1, . . . , fr of OX of

which the differentials at the point x form a basis of the k(x)-vector space Ω1
X/X ⊗ k(x). We obtain

F-morphisms

f := (f1, . . . , fr) : X→ Ar
F, (P, f) : X→ X ×FAr

F.

Then (P, f ) is a map of smooth algebraic stacks over X whose differential is an isomorphism at the
point x ∈ X(F), hence (P, f ) is étale at an neighborhood X′ ⊂ X of x [14, 17.11.2]. Replace X by X

′

and define j : U ↪→ X by the Cartesian diagram

Then P|U : U→ X is étale since (P, f ) is étale. Moreover, the morphisms x : Spec F→ X and y :
Spec F→ X are such that their images in (X ×FAr

F)(F) are given by

(P ◦ x, f(x), id) ∈ (X ×FAr
F)(F) and (y, f(x), id) ∈ (X ×FAr

F)(F).

But clearly the isomorphism between P ◦ x and y in X (F) induces an isomorphism between
(P ◦ x, f(x), id) and (y, f(x), id) in (X ×FAr

F)(F). By the universal property of the 2-fiber product, x
and y induce the required map u= (x,y) : Spec F→ U. □
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7.2. Topology on the real locus of a real algebraic stack

Definition 7.5 Let X/R be an algebraic stack of finite type. If U→ X is an R-surjective smooth
presentation (see Definition 7.2), the real analytic topology on |X (R)| is the quotient topology on
|X (R)| induced by the real analytic topology on U(R).

Proposition 7.6 The real analytic topology on |X (R)| does not depend on the choice of
R-surjective presentation U→ X .

Proof. Consider two R-surjective presentations U→ X and V→ X . The stack W := V×X U is
an R-scheme of finite type, and prU :W→ U and prV :W→ V are smooth. We claim that |prU| :
W(R)→ U(R) and |prV| :W(R)→ V(R) are surjective. Indeed, if x ∈ U(R) then π(x) ∈ Ob(X (R))
which, by R-surjectivity, implies that there is a y ∈ V(R) and an isomorphism ψ : η(y)∼= π(x) in
X (R). Then (x,y,ψ) ∈ Ob(W(R)) and |prU|(x,y,ψ) = x. Furthermore, |prU| and |prV| are open by
Lemma 7.7 below. □

Lemma 7.7 Let g : X→ Y be a morphism of schemes which are locally of finite type over R. Let
|g| : X(R)→ Y(R) be the induced map of real analytic spaces. The morphism of analytic spaces |g|
is open if the morphism of schemes g is smooth.

Proof. We can work locally on X(R); letU⊂ X and V⊂ Y be affine open subschemes with g(U)⊂ V
such that g|U = pr2 ◦π, where π : U→ Ad

V is étale for some integer d≥ 0, and pr2 : Ad
V → V is

the projection on the right factor. Then U(R) is open in X(R) because X(C)→ X is a morphism
of ringed spaces [16, Section XII, 1.1]. It suffices to prove U(R)→ V(R) is open, but this map

factors as the composition U(R) |π|−→Rd×V(R)
|pr2|−→V(R), where |pr2| is open and |π| a local

homeomorphism. □

Corollary 7.8 If X is a Deligne–Mumford stack of finite type over R, the topology induced on
|X (R)| by any R-surjective étale presentation as in Theorem 7.4 coincides with the real-analytic
topology. □

Remark 7.9 The assignment of a topological space to an algebraic stack of finite type over the
real numbers is functorial. Moreover, if the real algebraic stack X admits a coarse moduli space
π : X →M, then the natural map |X (R)| →M(C) is continuous.

8. Comparing the Real Moduli Spaces

LetAg be the algebraic stack overR of principally polarized abelian varieties of dimension g, and let
Mg be the stack over R of smooth, proper and geometrically connected curves of genus g. Consider
the real analytic topologies on |Ag(R)| and |Mg(R)|, see Definition 7.5. Our goal is to prove that
|Ag(R)| is homeomorphic to A R

g , and |Mg(R)| to M R
g , where the topology on A R

g (resp. M R
g ) is

given by Equation (18) (resp. Equation (19)).

Theorem 8.1 The natural bijection |Ag(R)| → A R
g is a homeomorphism.
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Proof. Let S →Ag be an R-surjective étale surjection by a scheme S over R (see Theorem 7.4).
Recall that Ag is smooth [17, Remark 1.2.5], so that S(C) is a complex manifold. Then S(R)→
|Ag(R)|= A R

g
∼=
⊔
i∈IΓi \Hτi

g defines a surjective real period map

P : S(R)−→
⊔
i∈I

Γi \Hτi
g . (21)

We claim that P is continuous and open; this claim will finish the proof.
In order to prove this we may work locally on S(R). So fix a point 0 ∈ S(R), define

G= Gal(C/R) as before and consider a G-stable contractible open neighborhood B of 0 in S(C)
such that B(R) = B∩S(R) is connected. The universal family Xg →Ag induces a holomorphic
family of complex abelian varieties φ : A→ B with real structure τ : A→ A, σ : B→ B, polarized by
some section E ∈ R2φ∗Z.

Consider the real abelian variety (A0,τ : A0 → A0). Define Λ0 to be the lattice H1(A0,Z) and
consider the alternating form E0 : Λ0 ×Λ0 → Z. By [13, Section 9], there exists a symplectic basis
m= {m1, . . . ,mg;n1, . . . ,ng} for Λ0 and a unique element i ∈ I such that the matrix corresponding to
τ∗ with respect to m is the matrix

T=

(
Ig M
0 −Ig

)
∈ GL2g(Z), (22)

where M ∈Mg(Z) corresponds to i ∈ I as in [22, Chapter IV, Definition 4.4] (see Section 6.1).
The canonical trivialization R1φ∗Z∼= H1(A0,Z) is G-equivariant and induces

r : R1φ∗Z∼= H1(A0,Z)
E0−→H1(A0,Z) = Λ0, inducing rt : H1(At,Z)∼= Λ0 ∀t ∈ B. (23)

Consequently, for every t ∈ B, the lattice H1(At,Z) is equipped with a symplectic basis r−1
t (m) =

{m(t)1, . . . ,m(t)g;n(t)1, . . . ,n(t)g}. We claim that these bases are compatible with the real structure
of φ : A→ B in the sense that for all t ∈ B, the pushforward

τ∗ : H1(At,Z)→ H1(Aσ(t),Z)

is given by matrix T of Equation (22) with respect to the bases r−1
t (m) and r−1

σ(t)(m). Indeed, this
follows from the fact that the following diagram commutes:

(24)

The first and the third square commute because if τ : At → Aσ(t) is the anti-holomorphic restriction
of τ to the fiber At, then Et(x,y) =−Eσ(t)(τ∗(x),τ∗(y)) for all x,y ∈ H1(At,Z). The second diagram
commutes because the trivialization of R1φ∗Z is G-equivariant.
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Now the family of symplectic bases {r−1
t (m)⊂ H1(At,Z)}t∈B induces a holomorphic period map

P : B→Hg, which is defined by sending an element t ∈ B to the period matrix of the abelian variety
At with respect to the symplectic basis r−1

t (m). Note that the differential dP defines an isomorphism
on each tangent space since S →Ag is étale.

Consider the anti-holomorphic involution τi :Hg →Hg defined by τi(Z) =M− Z̄, see Section 6.1.
We claim that P is Galois-equivariant, in the sense that τi ◦P= P ◦σ. Assuming this claim for the
moment, we obtain an induced morphism of smooth manifolds PR : B(R) = Bσ →Hτi

g , whose dif-
ferential is an isomorphism on each tangent space because the same holds for P. In particular, PR is
open, and hence the composition

B(R) PR−→Hτi
g → Γi \Hτi

g (25)

is open as well. But (25) equals the restriction of P to the small open subset B(R)⊂ S(R).
Therefore, P is continuous and open at every point of S(R), and we are done.

So we are reduced to the claim that, for all t ∈ B, one has τi (P(t)) = P(σ(t)). Consider the sym-
plectic basis r−1

t (m) = {m(t)i;n(t)j}ij ⊂ H1(At,Z). Let {ω(t)1, . . . ,ω(t)g} ⊂ H0(At,Ω1
At) be the basis

dual to {m(t)1, . . . ,m(t)g} under the natural pairing

H1(At,Z)×H0(At,Ω
1
At)→ C, (γ,ω) 7→

∫
γ

ω. (26)

Then we have P(t) =
(∫

n(t)i
ω(t)j

)
ij
∈Hg. On the other hand, the following diagram commutes by a

generalization of Lemma 2.2:

(27)

where FdR is the anti-linear map induced by the differential dτ : TeAt → TeAσ(t) of τ : At → Aσ(t) and
the identification TeA= H0(A,Ω1

A)
∨ for any abelian variety A. This implies that (26) is compatible

with τ∗ and FdR, and FdR (ω(t)j) = ω(σ(t))j. Therefore,

τj (P(t)) =M−

(∫
n(t)i

ω(t)j

)
ij

=M−

(∫
τ∗(n(t)i)

FdR (ω(t)j)

)
ij

=M−

(∫
τ∗(n(t)i)

ω(σ(t))j

)
ij

.

If M= (xij)ij, and φt : H1(At,Z)∼= Z2g is the isomorphism identifying r−1
t (m) with the standard

symplectic basis {e1, . . . , eg; f1, . . . , fg} ⊂ Z2g, then, for T ∈ GL2g(Z) as in (22):

τ∗(n(t)i) = φ−1
σ(t) (T · fi) = φ−1

σ(t)

(
g∑

k=1

xkiek− fi

)
=

g∑
k=1

xkim(σ(t))k− n(σ(t))i ∈ H1(Aσ(t),Z).
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Therefore, we get that
∫
τ∗(n(t)i)

ω(σ(t))j =
∫∑g

k=1 xkim(σ(t))k−n(σ(t))i
ω(σ(t))j, hence

(∫
τ∗(n(t)i)

ω(σ(t))j

)
ij

=

(∫
xjim(σ(t))j

ω(σ(t))j

)
ij

−

(∫
n(σ(t))i

ω(σ(t))j

)
ij

= (xji)ij−P(σ(t)) .

But (xji)ij = (xij)ij =M for M is symmetric, whence our claim τi (P(t)) = P(σ(t)). □

Theorem 8.2 The natural bijection |Mg(R)| → M R
g is a homeomorphism.

Proof. Weproceed as in the proof of Theorem 8.1. LetS →Mg be anR-surjective étale presentation
by a scheme S over R corresponding to a family of genus g curves C → S over R. The compo-
sition P : S(R)→ |Mg(R)|= M R

g
∼=
⊔
j∈JNj \ T

σj
g is surjective. The goal is to prove that P is

continuous and open, which will imply the result.
Note that S(C) is a complex manifold because Mg is smooth [12, Theorem 5.2]. Fix 0 ∈ S(R)

and consider a G-stable contractible open neighborhood B⊂ S(C) of 0 such that B(R) = B∩S(R)
is connected. Let φ : C→ B be the induced family of Riemann surfaces over B with real structure
σ : B→ B, τ : C→ C. By [23], there exists a Teichmüller structure [f0], f0 : C0

∼−→Σ and a unique
j ∈ J such that the composition

Σ
f−1
0−→C0

τ−→C0
f0−→Σ

is isotopic to the map σj : Σ→ Σ—in other words, such that [f0 ◦ τ ◦ f−1
0 ] = [σj].

Since the Kodaira–Spencer morphism ρ : T0B→ H1(C0,TC0) is an isomorphism, the family φ :
C→ B is a Kuranishi family for the fiber C0. Since B is contractible, φ : C→ B is topologically
trivial hence can be endowed with a unique Teichmüller structure {[ ft], ft : Ct → Σ}t∈B extending
the Teichmüller structure [f0] on C0. For t ∈ B, consider the anti-holomorphic map τ : Ct → Cσ(t).
We claim that the two Teichmüller structures [ ft] and [σj ◦ fσ(t) ◦ τ ] on Ct agree. Indeed, the family{
[σj ◦ fσ(t) ◦ τ ]

}
t∈B defines a new Teichmüller structure on φ : C→ B, agreeing with {[ ft]}t∈B at the

point 0 ∈ B, and therefore agreeing with {[ ft]}t∈B everywhere on B by [3, XV, Section 2].
Consequently, the holomorphic map P : B→Tg defined as P(t) = [Ct, [ ft]] can be shown to be G-

equivariant as follows. The involution σj : Tg →Tg is defined by sending the class [C, [ f ]] of a curve

C with Teichmüller structure [ f ] to [Cσ, [Cσ can−→C
f−→Σ

σj−→Σ]] ∈ Tg, where Cσ is the complex con-
jugate of C and can : Cσ → C is the canonical anti-holomorphic map. The family φσ : Cσ → Bσ is
isomorphic to the family φ : C→ B via the maps σ ◦ can : Bσ → B and τ ◦ can : Cσ → C, and the
composition τ ◦ can : Cσ ∼= C restricts to an isomorphism Cσ

t
∼= Cσ(t) for each t ∈ B. Together this

implies that σj (P(t)) = σj ([Ct, [ ft]]) = [Cσ(t), [Cσ(t)
τ−→Ct

ft−→Σ
σj−→Σ]] = [Cσ(t), [fσ(t)]] = P(σ(t)).

So indeed, σj ◦P= P ◦σ. Let PR : B(R)→T σj
g be the induced morphism on real loci. Since P

induces isomorphisms on tangent spaces, the same holds for PR. Consider the projection π : T σj
g →

Nj \ T
σj
g . Then π ◦PR = P|B(R) : B(R)→ Nj \ T

σj
g , which implies that P is continuous and open at

the point 0 ∈ S(R), and we are done. □



20 O. de Gaay Fortman

Acknowledgement

I would like to thank my thesis advisor Olivier Benoist for his great guidance, encouragement and
support. I would also like to sincerely thank the referee for carefully reading the manuscript. His or
her comments substantially improved the quality of this paper.

Funding

This project has received funding from the European Union’s Horizon 2020 research and innovation
program under the Marie Skłodowska-Curie grant agreement No 754 362.

References

1. A. Aizenbud and N. Avni, Pointwise surjective presentations of stacks, 2019, arXiv e-prints,
arXiv:1912.11437.

2. E. Arbarello and M. Cornalba, TeichmüLler Space via Kuranishi families, Annali della Scuola
Normale Superiore di Pisa, 2007.

3. E. Arbarello, M. Cornalba and P. Griffiths, Geometry of Algebraic Curves, Volume II, 1st edn.,
Grundlehren der mathematischen Wissenschaften, Springer-Verlag, Berlin Heidelberg, 2011.

4. M.Audin, Progress inMathematics, Torus Actions on Symplectic Manifolds, Revised edn., Vol.
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